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Invariant subspace lattices

H complex Hilbert space, dim H = Rg

L(H) bounded, linear operators on H

TeL(H)
Lat T : lattice of all invariant subspaces of T

Hlat T : lattice of all hyperinvariant subspaces of T

Question (ISP)
Is Lat T non-trivial for every T € L(H)?

Question (HSP)
Is Hlat T non-trivial for every T € L(H) \ CI?

H. RADJAVI and P. ROSENTHAL: Invariant subspaces, 1973, 2003

|I. CHALENDAR and J.R. PARTINGTON: Modern approaches to the invariant-subspace
problem, 2011
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We may assume that T is an absolutely continuous (a.c.) contraction:
17T <1,

T=Ue® T, where U a.c. unitary and T c.n.u. contraction.

We shall assume that the a.c. contraction T is asymptotically non-vanishing (a.n.v.):

3hew, lim||T"h| > 0.
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Unitary asymptote

Definition

(X, V) is a unitary asymptote of T:
V € L(K) a.c. unitary operator,
X € L(H,K), [|Xhl| =limp || T"h]| Yh € H, V2 ,VT"XH =K,
XT = VX

w(T) measurable support of the spectral measure E of V:

E(a)=0 <= m(anw(T))=0 (aCT)

Definition
w(T) isthe residual setof T
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Functional calculus

&7 H® — L(H) Sz.-Nagy-Foias functional calculus for T:
contractive, weak-x continuous, algebra-homomorphism,

1=5Lx—=T (x(2)=2).
B <h (|k(2)| < |h(2)| vz € D) = K(T) < A(T) (I(T)hIl < (I (T)Al| vh € H)

F = {fa}s2, C H> decreasing (f,41 < fn Vn):
er(€) =limp|fa(¢)| fora.e. (€T,
Nf = {¢ € T:pr(¢) >0},
Ho(T,F)={heH:limy||fa(T)h|| =0} € Hlat T.
w(T) largest measurable set on T such that

m(NeNw(T)) >0 = Ho(T,F) ={0}
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Quasianalytic spectral set

Definition

w(T) isthe quasianalytic spectral setof T

Definition

T is a quasianalytic contractionif m(T) = w(T)

Proposition

If the a.n.v. contraction T is NOT quasianalytic, then Hlat T is non-trivial.

What is the spectral behaviour of quasianalytic contractions?

Possible constraints provide hyperinvariant subspace theorems.

Lga(#H) collection of all quasianalytic contractions on H

L. Kérchy Spectra of contractions



Cyo-contractions

Proposition
If T € Lga(H) then T € Cyp, thatis

lim || T*"h[ = 0 < lim | T"hl| VO # h € M.

Spectral characterization of Cyg-contractions is known.
T € Cyo
o(V) is the essential support of w(T): o(V) =es(w(T))
o(V) is neatly containedin o(T):
a(V) C o(T),
m(oc(V)No') >0 if 0 #0’ Co(T) isclosedand o(T)\ o’ is closed

This is the only constraint even in the cyclic case.
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Questions and obstacles

Question (1.)

Given wy C T of positive measure and compact o C D~ such that es(wg) is neatly
contained in o,
T € Lga(H), o(T)=0 and w(T) = wp?

Construction of a Cyg-contraction T satisfying w(T) = wg and o(T) = es(wp):
T = WIM, W bilateral weighted shift, M € Lat W,
S22, mP|IT=P|| < oo with some integer p.

Under these conditions T is necessarily non-quasianalytic.

Question (2.)

Given closedarc J C T and ¢ > 0,

T e Ly, o(T)=n(T)=J and |T|| > c?
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Contractions with full residual set

Lat; T collection of shift-type invariant subspaces:
T|M is similarto S € £L(H?), Sf = xf.

Proposition
If w(T) =T, then VLat,T = H.

Proposition
VTi € Lga(H), 3Tz € Lga(H), w(T2) =T, {To} D {T1} andso HlatT, C Hiat T;.

(HSP) for a.n.v. contractions can be reduced to the case when T is quasianalytic and
w(T) =T. Then o(T) is connected.

Question (3.)
Given connected, compact T C o C D™,

T e Lp(H), o(T)=0 and «(T) =T?
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Connection between two questions

Positive answer for Question 2 implies affirmative answer for Question 3

in the special case when o = K? with a connected, compact T C K C Dy .

Di={zeD:Imz>0}, Ty={C€T:Im¢>0}, KZ={z2:zeK}

o=TU{p(t)e?D :tc[0,1)} (0<p(t) =1, 0<p(t) = oo increasingly)

spiral is not of the form o = K?
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{An}s2, densein K
Qp = {z € C:dist(z,K) < 1/n} connected, open
A €DNQn, [An— Ay < 1/(2n)
M C (QpnD)uU{-1,1} simple rectifiable curve, with endpoints —1, 1
Gn simply connected domain, bounded by T4 UTh, Gy C Qn, A, € Gn
fo: D — Gp conformal surjection, f,(0) = A},
Jn = £71(T4) closed arc
3Th € Laa(Hn), o(Tn) = 7(Tn) = n, IT, | > 1
Tn = 1(Tn) € Lga(Hn), o(Tn) = 7(Tn) = T4
en € Hn, |len]l =1 and [|Taen|| < 1/n = | Tnen — Apenl| < 2/n
T=%,0Tn o(T)=K and =(T) =Ty

T = T2 quasianalytic, o(T) = K2 =0 and n(T) =T2 =T
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Asymptotically cyclic contractions

Definition
T is asymptotically cyclic, if V is cyclic

{T} can be identified with a quasianalytic function algebra H> C F(T) C L°°(T)

(ISP) can be reduced to this case

Definition
Lo(H) = {T € Lqa(H) : T is asymptotically cyclic}

Definition
L1(H) ={T € Lo(H) : n(T) = T}
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Spectra in the asymptotically cyclic case

Proposition (K, Totik)
VTo € Lo(H), 3Ty € L1(H), {To} ={T1} andso Hlat Ty = Hlat T

Question (4.)
What are the possible spectra of contractions belonging to L£1(H)?

ve>1,3T € Ly(H), o(T)=T and |T-'|| > c
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B:Z—[1,00), B(n) =1Yn>0, B(—n) = e?M ¥Yne N

¢: N = [1,00) increasing, lim,e(n) =
L2(B) = {f € LA(T) : |If]I5 = X252 o [7(n)28(n)? < oo} Hilbert space

Ts € L(L2(B)), Tgf = xf asymptotically cyclic Cyo-contraction
{qk}24 € (0,1) decreasing, lim, gk =0
{px}2 C N increasing, p; =1 and ng:f;kﬂ 1/n>1/qx Vk €N

(1) :==c, p(n) = o(px) + (N—P)ak Pk <N < Pryt (K EN)

Then
o 0o Pk+1 ) .
Z 95 +Z Z L = oo = Tp quasianalytic;
n=1 k=1 n=py+1

n(T;h) = lim I3 = lim e?MN/N =1 — o(Tp) =T
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§€(0,1), Q={z=ret:6<r<1,0<t<n}
ns: D — Qs conformal surjection, 95 = n2
T € Ly(H) with o(T) =T

Then
Ts =9s(T) € L4(H) and o(Ts) =TUTU[1]
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