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History of Levinson’s inequality

Norman Levinson
Lynn, Massachusetts (1912) - Boston (1975)

[@ N. Levinson, Generalization of an inequality
of Ky Fan, J. Math. Anal. Appl. 8 (1964),
133-134.

The following inequality is proven
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History of Levinson’s inequality
Norman Levinson
Lynn, Massachusetts (1912) - Boston (1975)

@ N. Levinson, Generalization of an inequality
of Ky Fan, J. Math. Anal. Appl. 8 (1964),
133-134.

The following inequality is proven

Theorem A

Iff:(0,2c) — R satisfies " >0 and p;, X, y;. i=1,2,...,

thatp; >0,y ,0,=1.0<x;<cand
X1+Y1=Xo+Yo=...=Xn+Yn=2C,

then the inequalify
Z pif(xi) — f(X) <

lagb

pif(yi) — (V)

i=1

holds, where x =YY" . p;x; andy =Y . p;V.

n, are such

M

@)
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Proof,

Let a be a constant,0 < a < ¢, fo be chosen later. Let
F(u)=f(u)—f(2c—u). ThenforO<u<candsome,0<06<1,

F(u)=F(a)+ (u—a)F(a)+ %(u— a)’F"(a+6(u—a)). @A)

Clearly
F'(a+8(u—a))=f"(a+6(u—a))—f'(2c—a—-6(u—q))
or F'(a+6(u—a))=-2[c—a—e(u—a)]f"”(uy)

where a+6(u—a) < Uy < 2c—a—-6(u— a) and the bracket in the
above equality is nonnegative since a < ¢ and u < ¢. Hence since
f/// Z O

F'(a+6(u—a)) <0.

Thus (3) gives
f(u)—f(2c—u) < f(a)-f(2c—a)+(u—a)F(a). )

In (4) set u= x;, multiply by p; and sum. Set a= Y, p;x;. This yields (2),
since 0 < x; < c it follows that0< a< c.
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Levinson’s operator inequality

Let B(H) be the algebra of all bounded linear operators on a complex
Hilbert space H. We denote by By(H) the real subspace of all
self-adjoint operators on H.

A continuous real valued function f defined on an interval / is said to
be operator convex if f(AX + (1 —=A)Y) < Af(X)+ (1 =1)f(Y) for all
self-adjoint operators X, Y with spectra contained in fand all A € [0, 1].

If the function f is operator convex, then so-called Jensen’s operator
inequality f(®(X)) < (f(X)) holds for any unital positive linear mapping
® on B(H) and any X € By(H) with spectrum contained in . Many
other versions of Jensen’s operator inequality can be found in

¥ T Furuta, J. Miéi¢é Hot, J. Pe¢arié and Y. Seo, Mond-Ped&arié
Method in Operator Inequalities, Monographs in Inequalities 1,
Element, Zagreb, 2005.
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Definition 1.

Let f € C(I) be a real valued functions on an arbitrary interval I in
R and c € I°, where I° is the interior of I.
F(t)=f(t)-5t

We say that f € K () (resp. f € K5 (1))
if there exists a constant A such that the
function F(t) = f(t) — §f2 is concave (resp. T SR
convex) on IN(—e,c] and convex (resp.
concave) on IN|[c, ).

Moreover, we say that f € K (/) (resp. f € K5 (/) if Fis
operator concave (resp. operator convex) on IN(—e, c] and
operator convex (resp. operator concave) on IN[c, ).
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Theorem 1.

Let X and Y be self-adjoint operators
X,Y € By(H) with spectra contained
in [m,M] and [n,N], respectively, such
that a<m<M<c<n<N<b. Let
o,V be unital positive linear mappings
o,V : B(H) — B(K).

~—

) and Cy < C,, where

IFfe K°((a,b

Cy =

|\>\j>

[ (X?) - (X)Q] L Cyi=

then

(F(X)) — F(®(X)) < Cy < C < W(F(Y)) — F(W(Y)).

[w(vQ) —w(V)Q] NG

©)

But, iff e 752‘3 ((a,b)) and Cy > C, holds, then reverse inequalities

are valid in (6).

V.
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Proof,

Let f € K ((a,b)). So there is a constant A such that

F(t)=f(1)— 97‘2 is operator concave on (a, c|. Since

[m,M] C (a,c]. then Jensen’s operator inequality implies
A A

0.< F(0(X) 0 (F(X)) = £(0(X)) ~ 5002~ 0(F(X)) + 20(X?).

It follows

Similarly, since F is operator convex on [c,b) and [n,N] C [c,b), it
follows

Combining inequalities (/) and (=) and taking info account that
C, < G, we obtain desired inequality (6).
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Assume that (¢,...,,) is a k—tuple of positive linear mappings
®;: B(H) — B(K). If Zf;] ®i(1y) = 1, we say that (&q,...,d,) is
unital,

Applying Theorem 1 we obtain more operators version of
Levinson’s inequality.

Corollary 1.

Let (X3,..., X, ) be aky—tuple and (1,...,Y,) be a ky—tuple of
self-adjoint operators X;, Y; € By(H) with spectra contained in [m, M|
and [n,N], respectively, suchthata<m<M<c<n<N<b. Let
(®1,...,%,) be a unital ky—tuple and (Vy,..., V) be a unital ky—tuple

of positive linear mappings ®;,V; : B(H) — B(K). If f € KF((a,b)) and

¥ wi(v) (i w,-(v,'))ﬂ

i=1

A

K K
- ? lZ] ) (XF) (; ¢i(Xi))2] <D=

fhen

ko

ZCD —f(Z(D )<D1<D2<Z\IJ( ) - (L wiv)). @

=1
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Corollary 1. (continued)

Iffe 752‘3 ((a,b)) and Dy > D, holds, then reverse inequailities are valid in
.
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Corollary 1. (continued)

Iffe 7éc ((a,b)) and Dy > D, holds, then reverse inequailities are valid in
.

Proof. (@®)

Ay 0 By 0
- A2 k ~ Bg ke
We set ® . :Z,‘:l]q)i(A/')«, v . :Zé] V;(B;),
0 Ak] 0 By,

Xq 0 Yy 0
X2 Y2
and X= . , V= . .
0 X 0 Vi

Then &,V are unital positive linear mappings, X € B, (H®---& H) and
—_——

Ky
Y € By(Ha---® H) with spectra contained in [m,M] and [n, N],
————
ko
respectively.
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The following obvious corollary to Theorem 1 holds, with convex
combinations of operators X, i=1,..., kyand VY, i=1,..., Kko.

Corollary 2.

Let (X3,..., Xk, ) be a ky—tuple and (Y1,...,Y,) be a ky—tuple of
self-adjoint operators X;, Y; € By(H) with spectra contained in [m, M|
and [n,N], respectively, suchthata<m<M<c<n<N<b. Let
(P1;---,PK) be ak—tuple and (qy,...,qy,) be a k2 tuple of positive

scalars such Thcn‘Z, 1Pi=1 ondZ, qi=1.Iffe 7(] ((a,b)) and

Ak = Ak -
—SYeX-X*<@=5Y a(v-9)’
i=1 i=1

then

Zp, )<P<Q<Zq, )—f(Y), Q)
i=1

where X = Z]l piXiand Y = 22: q;Y; denote the weighted arithmetic
=1 =1

means of operators. But, if f € K5 ([mx, My]) and Px > &, holds, then
reverse inequalities are valid in (10).
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Converse of Levinson’s operator inequality
For convenience we infroduce some abbreviations:

Let f:[m,M] — R, m< M, such that F(t) = f(t) - 512, Ac R, be a
convex or a concave function. We denoTe a linear function
through (m, F(m)) and (M, F(M)) by 7375, 1. 1-€.

, M-t t—m A
flg’}fn’w(f) — mf(m)+ M_mf(M)—E((I\/Hm)T—mI\/I), teR

and the slope and the intercept by ka fm g AN Ia f1m -
respectively, i.e.

fIM)—f(m) A
Katimm = (I\j—rr(7 )—2(M+m),
Mf(m)—mf(M) A
IA7f[m7[V]] = (I\/)Im( )+2mM

Levinson'’s operator inequality and its converses iwOP2014 12 /28



Theorem 2. (@)

LetX, Y m M,n N, o, V¥, C, C, be asin
Theorem 1. Let my, My, (mx < My) and ny,
Ny, (ny < Ny) be the bounds of operators
o(X) and v (Y), respectively.

F(t)=f(t)-5t>

7

S S N W
amm, My, Mcnn N, NDb

Iff e K°((a,b)) and Cy > Cy, then

O (F(X)) — F(D(X)) +B11k > C1 > Co > W (F(Y)) — F(W(Y)) + B2k,

an
where
B = max Lrn-2r e hHlso (12)
! My <F<Mj 2 A[mM] =
_ : A2 Ilne
P = min (D= 5P~ B} < (19

Constants By,Bg exist for any A, m,M,my.My and n,N.ny, Ny.
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Theorem 2. (continued)

The value By = f(fy) — 512 — fatoan(fo), where | may be
determined as follows:
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Theorem 2. (continued)

The value By = f(fo) — 51§ — fAT5, py(fo). where i may be
determined as follows:

The value of B, can be defermined as B, if we replace
m.M.my, My by n,N.ny, Ny, respectively, and with reverse
inequality signs.
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Theorem 2. (continued)

The value By = f(fo) — 51§ — fAT5, py(fo). where i may be
determined as follows:

The value of B, can be defermined as B, if we replace
m.M.my, My by n,N.ny, Ny, respectively, and with reverse
inequality signs.

In the dual case, if f € K5 ((a,b)) and Cy < C, holds, then
reverse inequalities are valid in (11) with B; <0 and min instead
of max in (12) and B, > 0 and max instead of min in (13). The
value of constants B; and B, can be determined as above with
reverse inequality signs.
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Proof.

We use the same technique as in the proof of Theorem 1 and
converses of Jensen's operator inequality are given in the paper
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Proof.

We use the same technique as in the proof of Theorem 1 and
converses of Jensen's operator inequality are given in the paper

@ JMicié, ZPavi¢ and J.Pecarié¢, Some better bounds in
converses of the Jensen operator inequality, Oper. Matrices
6 (2012), 589-605.

Remark 1.
Let the assumptions of Theorem 2 be satisfied and m < M, n< N. If
C, > C,, F is strictly concave differentiable on [m, c] and strictly
convex differentiable on [c,N]. then (11) holds, for
A _ A
B1=F(x0) — 506 ~ imam(x0) < F(%0) — 5% — i (%),
A_

line

A _ _
B2 =F(y0) ~ 58 — Aam(v0) = f(%0) 5% — Ao (%),

where
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Remark 1. (continued)

My if F(Ma) —Ama < Ka fim m;
o — the unique solution of the equation f'(t) — At = ka fjm m]
0~ if F/(my) — Amy > ka g > F'(Mx) — AMy,
M if fl(mx) — AMy > kA7f[m,M]7

Xo Is the unique solution in (m, M) of the equation
f'(f) — At = kA7f[m7M]/

Yo. Yo can be determined as Xy, Xg. if we replace m,M,my .My by
n.N.ny. Ny, respectively, and with reverse inequality signs.

In the dual case, if Cy < Gy, f is strictly convex differentiable on
[m, c] and strictly concave differentiable on [c, N], then reverse
inequalities are valid in (11), with Xy, Xg. Yo. Yo as above with
reverse inequality signs.
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Remark 2.

Let the assumptions of Theorem 2 be satisfied, f € K((a, b)) and
Cy > G,. If F is operator concave, then 0 > & (F(X)) — F(#(X))
and LHS of (11) imply

Ci+Bi1k > q)(f(X)) —f((D(X)) +B1 1k > C.

If F is operator convex, then 0 < ®(F(X)) — F(®(X)) and RHS of
a1 imply

Co > V(f(Y)) = F(W(Y))+B2Tk > Co+ B2 k.
It follows (an extension of (11))

Ci+B1T1k O (F(X)) —F(®(X)+B1 1k > C1 > C,

W(EY)) — F(W(Y)) +B2lk > CotPoly 0P

>
>

But, iff € 7520 ((a,b)) and Cy < C,, then reverse inequalities are
valid in (14).

Levinson'’s operator inequality and its converses IWOP2014 17 /28




Applying

we can obtain converse of Levinson’s operators inequality for k,
and ky—tuples of self-adjoint operators X;, Y; € By(H) using the
same technique as in @IEEEEEEEEETED,

We omit the details.

Levinson'’s operator inequality and its converses iwOP2014 18 /28



Refined Levinson’s operator inequality

The absolute value of B € B(H) is defined by |B| = (B*B)!/2.
For convenience we infroduce abbreviations A,A and d as
follows:

= 1 1 m+M

A = AB7¢(m,M):§]K—m‘¢(B)— 2 ]K|; (]5)
_ - 1 1 +M
A = AB7¢(m,M)::§1K—M_m¢(‘B—m2 ), (6

where B € By(H). ¢ is an unital positive linear mapping., m, M,
m < M, are some scalars such that spectra Sp(B) C [m, M];

A 2

m+M)—f(m)—f(M)+Z(l\/l—m)

2
where f: [m,M] — R is a continuous function and A € R.

Obviously, A, A > 0. If F(t) = f(t)— §f2 is concave (resp. convex)
then & > 0 (resp. 6 <0).

8= 8;a(mM) = 2f( A7)

Levinson'’s operator inequality and its converses iwOP2014 19/28



Next, we show refined Levinson’s inequality given in Theorem 1
for two pairs of operators without operator concavity-convexity,
and with spectra conditions.

Theorem 3.
Let &,V : B(H)® B(H) — B(K) @ B(K) be unital mappings such that

® %1 B, :¢1(B1)+¢2(Bz)ond\ll<%] gz):‘l’1(31)+‘”2(32)1

where ¢, 9, V4, VU, be positive linear mappings.
(X 0 (Y 0 N

LefX_( 0 X2>,Y_< 0 Y2>E

Bh(He® H), where Xy, X5, Y. Yo be self-

adjoint operators with spectra

Sp(Xy) € [mn, My], Sp(X2) € [M2, My, _
a m M ¢ in i
Sp(Y7) € [Mm,N1]. Sp(Y2) € [n2, No]. O e e TR

Let My < myp, Ny < np and
my <My <my <My <my <My, <c<nm <Ny <ny, <N, <np <Ny, where
my, My be bounds of the operator ¢(X) and ny,N, be bounds of W(Y)

v
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Theorem 3. (continued)

Iffe :7<f([m1,N2]) and C, < Gy,
then

where 81 = 87 (M, M) > 0, X = Ax o(m, M) > O for arbitrary
numbers m e [My,my],M € [My, mp],m < M

and 8, = ¢ a(N, N) <0, Y = Ay y(h,N) > 0 for arbitrary numbers
ne[Ny,ny],N e [N,,no],h< N.

But, if f € &5 ([my,No]) and Cy > C, holds, then reverse
inequalities are valid in (18), with 8, <0 and é, > 0.
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Proof.

We will give the proof for f € K ([my,No]). Since F(t) = f(t) — éTQ is
concave on [my, c] for some constant A, then
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Proof.

We will give the proof for f € K ([my,No]). Since F(t) = f(t) — éTQ is
concave on [my, c] for some constant A, then

[ J Micié, J. Pe&arié and J. Perié, Refined Jensen'’s operator

inequality with condition on spectra, Oper. Matrices 7 (2013),
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Proof.

We will give the proof for f € K ([my,No]). Since F(t) = f(1) — éfz is
concave on [my, c] for some constant A, then

@ J. Mic¢ié, J. Pecarié and J. Perié, Refined Jensen'’s operator

inequality with condition on spectra, Oper. Matrices 7 (2013),
293-308.

gives

F(®(X)) = ®(F(X)) +8X > ®(F(X))

=

Similarly, since F is convex on [c,N,] for some constant A, we have

Combining inequalities and

and taking info account Cy < C,,
we obtain desired inequality (18).

4
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Applying Theorem 3 we obtain more operators version of refined
Levinson’s inequality.

Corollary 3.

Let (®y,..., 9, ) be a unital ky—tuple and (V,,...,V,,) be a unital
ko —tuple of positive linear mappings ¢, V; : B(H) — B(K).

Let (Xy,..., Xk, ) be a ki—tuple and (Y1,...,Y\,) be a ky—tuple of
self-adjoint operators X; and Y; € By(H) with spectra contained in
[m;, Mi] and [y, Nj]. respectively, such that

a<m<M<c<m<N<b,i=1,..,k.j=1,.. kK,
(Mo, M)n[mM]=2,i=1,....k;, (my,M)N[m,N]=@,j=1,....ky,
m<M, n<N

where my and My be bounds of X = Zﬁ] ®;(X;). and n, and ny, be
bounds of Y = Y12 Wy(Y)) ; m:=max{M|M, < my,i=1,....k},

M :=min{m;im; > My, i=1,....k}, n:=max{Nj|N; < ny,i=1,... .k},
N:=min{n;|n; > Ny, i=1,....ko}.

Iff e K°((a,b)) and Dy < D;
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Corollary 3. (continued)
then

ki ki X
i; ®;(f(X)) — f(,-): ¢i()<i)) sk ®i(70%)) - f(iZ ¢i(Xi)> o
= 17§ D, @n

where 8 = 8 o(M, M) >0, X = Ax(m, M) > O for arbitrary numbers

me [m,my],M € [My,M],m < M and 8, = 8; o(1,N) <0, Y = Ay(A,N) >0
for arbitrary numbers n € [n,ny], N e [Ny,N],n < N.

In above we denote

1 7m+M

= _ = 1
AEAB(m.M)::f ‘B 5 ]K|

Npr =
2 KT M—m

But, f € K°((a,b)) and Dy > D, holds, then reverse inequalities are
valid in (21), with 8; <0 and §, > 0.

Levinson'’s operator inequality and its converses iwOP2014 24 /28



Refined converse of L. operator inequality

Now, we give refined converse of Levinson’s operator inequality
given in Theorem 2 for two pairs of operators.

Theorem 4.

Let &, W be mappings and , X,Y be operators as in Theorem 3, with spectra
Sp(X1),8p(Xp) € [m,M]. Sp(Y1),Sp(Y2) € [n,N]. Let mx, Mx be bounds of the
operator ®(X) and ny, Ny be bounds of W(Y).

Iff € X({m,N]) and C, > Cy, then

o(f(X)) —f(e(X ))+B1]K>¢(f(X))_f(¢(X))+B1]K_51)~<
1ZC] 51X> C2—52Y> C2 22
(

W(F(Y)) = F(W(Y)) +Balk — 82V > W(F(Y)) = F(W(Y)) + B2k,

where By and B, are defined in Theorem 2, & = 8¢ A(m,M) >0,
X = Ax.o(m,M)>0,8, =8 (n,N) <0 and Y = Ay y(n,N) > 0.

But, If f € %5 ([m,N]) and Cy < C, holds, then reverse inequalities are
valid in (22), with 8 <0 and &, > 0.

®)
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Proof,

We use the same technique as in the proof of Theorem 3 and
converses of Jensen's operator inequality are given in the paper
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Proof,

We use the same technique as in the proof of Theorem 3 and
converses of Jensen's operator inequality are given in the paper

[ J. MicGié, J. Pe¢ari¢ and J. Peri¢, Refined converses of
Jensen’s inequality for operators, J. Inequal. Appl. 2013:353
(2013) 1-20.

Remark 3.

Let the assumptions of Theorem 4 be satisfied, f € K£((a, b)) and
C; > G,. Then the following extension of (22) holds

Ci+Bilk > G +B1]K*gl)~£ N
O (F(X)) = F(O(X)) +Br 1k — &1 X
C]ZC1*51X2C2782YZC2 (23)
W(F(Y)) = F(V(Y)) +B2lk =8V

Co+Bolk—06Y > Co+Bolk

AVARAVAR VARV

Iff e K5 ((a,b)) and C; < C,, then reverse inequalities are valid in (23).
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Applying Theorem 4 we can obtain converse of Levinson’s
operator inequality for k; and k,—tuples of self-adjoint operators
Xi, Yj € Bn(H) (with weakened assumptions than in Corollary 3).
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Thank you

for your attention
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