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History of Levinson’s inequality
Norman Levinson
Lynn, Massachusetts (1912) - Boston (1975)

N. Levinson, Generalization of an inequality
of Ky Fan, J. Math. Anal. Appl. 8 (1964),
133-134.

The following inequality is proven

Theorem A
If f : (0,2c)→ R satisfies f ′′′ ≥ 0 and pi ,xi ,yi , i = 1,2, . . . ,n, are such
that pi > 0, ∑

n
i=1 pi = 1, 0≤ xi ≤ c and

x1 + y1 = x2 + y2 = . . . = xn + yn = 2c, (1)

then the inequality
n

∑
i=1

pi f (xi)− f (x̄)≤
n

∑
i=1

pi f (yi)− f (ȳ) (2)

holds, where x̄ = ∑
n
i=1 pixi and ȳ = ∑

n
i=1 piyi .
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Proof.
Let a be a constant, 0 < a ≤ c, to be chosen later. Let
F(u) = f (u)− f (2c−u). Then for 0 < u ≤ c and some θ, 0 < θ < 1,

F(u) = F(a) + (u−a)F ′(a) +
1
2

(u−a)2F ′′(a + θ(u−a)). (3)

Clearly

F ′′(a + θ(u−a)) = f ′′(a + θ(u−a))− f ′′(2c−a−θ(u−a))

or F ′′(a + θ(u−a)) =−2[c−a−θ(u−a)]f ′′′(u1)

where a + θ(u−a) < u1 < 2c−a−θ(u−a) and the bracket in the
above equality is nonnegative since a ≤ c and u ≤ c. Hence since
f ′′′ ≥ 0

F ′′(a + θ(u−a))≤ 0.

Thus (3) gives

f (u)− f (2c−u)≤ f (a)− f (2c−a) + (u−a)F ′(a). (4)

In (4) set u = xi , multiply by pi and sum. Set a = ∑
n
i=1 pixi . This yields (2),

since 0 < xi ≤ c it follows that 0 < a ≤ c.
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Levinson’s operator inequality
Let B(H) be the algebra of all bounded linear operators on a complex
Hilbert space H. We denote by Bh(H) the real subspace of all
self-adjoint operators on H.

A continuous real valued function f defined on an interval I is said to
be operator convex if f (λX + (1−λ)Y )≤ λf (X) + (1−λ)f (Y ) for all
self-adjoint operators X ,Y with spectra contained in I and all λ ∈ [0,1].

If the function f is operator convex, then so-called Jensen’s operator
inequality f (Φ(X))≤Φ(f (X)) holds for any unital positive linear mapping
Φ on B(H) and any X ∈ Bh(H) with spectrum contained in I. Many
other versions of Jensen’s operator inequality can be found in

T. Furuta, J. Mićić Hot, J. Pečarić and Y. Seo, Mond-Pečarić
Method in Operator Inequalities, Monographs in Inequalities 1,
Element, Zagreb, 2005.

T. Fujii, J. Mićić Hot, J. Pečarić and Y. Seo, Recent Developments of
Mond-Pečarić Method in Operator Inequalities, Monographs in
Inequalities 4, Element, Zagreb, 2012.
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Definition 1.

Let f ∈ C (I) be a real valued functions on an arbitrary interval I in
R and c ∈ I◦, where I◦ is the interior of I.

We say that f ∈ K c
1 (I) (resp. f ∈ K c

2 (I))
if there exists a constant A such that the
function F(t) = f (t)− A

2 t2 is concave (resp.
convex) on I

⋂
(−∞,c] and convex (resp.

concave) on I
⋂

[c,∞).

Moreover, we say that f ∈
•

K c
1 (I) (resp. f ∈

•
K c

2 (I)) if F is
operator concave (resp. operator convex) on I∩ (−∞,c] and
operator convex (resp. operator concave) on I∩ [c,∞).
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Theorem 1.
Let X and Y be self-adjoint operators
X ,Y ∈ Bh(H) with spectra contained
in [m,M] and [n,N], respectively, such
that a < m ≤ M ≤ c ≤ n ≤ N < b. Let
Φ,Ψ be unital positive linear mappings
Φ,Ψ : B(H)→ B(K ).

If f ∈
•

K c
1 ((a,b)) and C1 ≤C2, where

C1 :=
A
2

[
Φ
(
X2)−Φ(X)2

]
, C2 :=

A
2

[
Ψ
(
Y 2)−Ψ(Y )2

]
, (5)

then

Φ
(
f (X)

)
− f
(
Φ(X)

)
≤C1 ≤C2 ≤Ψ

(
f (Y )

)
− f
(
Ψ(Y )

)
. (6)

But, if f ∈
•

K c
2 ((a,b)) and C1 ≥C2 holds, then reverse inequalities

are valid in (6).
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Proof.

Let f ∈
•

K c
1 ((a,b)). So there is a constant A such that

F(t) = f (t)− A
2 t2 is operator concave on (a,c]. Since

[m,M]⊂ (a,c], then Jensen’s operator inequality implies

0≤ F
(
Φ(X)

)
−Φ

(
F(X)

)
= f
(
Φ(X)

)
− A

2
Φ(X)2−Φ

(
f (X)

)
+

A
2

Φ
(
X2).

It follows
Φ
(
f (X)

)
− f
(
Φ(X)

)
≤C1. (7)

Similarly, since F is operator convex on [c,b) and [n,N]⊂ [c,b), it
follows

C2 ≤Ψ
(
f (Y )

)
− f
(
Ψ(Y )

)
. (8)

Combining inequalities (7) and (8) and taking into account that
C1 ≤C2 we obtain desired inequality (6).
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Assume that (Φ1, . . . ,Φk) is a k−tuple of positive linear mappings
Φi : B(H)→ B(K ). If ∑

k
i=1 Φi(1H) = 1K , we say that (Φ1, . . . ,Φk) is

unital.

Applying Theorem 1 we obtain more operators version of
Levinson’s inequality.

Corollary 1.
Let (X1, . . . ,Xk1

) be a k1−tuple and (Y1, . . . ,Yk2
) be a k2−tuple of

self-adjoint operators Xi ,Yj ∈ Bh(H) with spectra contained in [m,M]
and [n,N], respectively, such that a < m≤M ≤ c ≤ n≤N < b. Let
(Φ1, . . . ,Φk1

) be a unital k1−tuple and (Ψ1, . . . ,Ψk2
) be a unital k2−tuple

of positive linear mappings Φi ,Ψj : B(H)→ B(K ). If f ∈
•

K c
1 ((a,b)) and

D1 :=
A
2

[
k1

∑
i=1

Φi
(
X2

i
)
−
( k1

∑
i=1

Φi(Xi)
)2
]
≤D2 :=

A
2

[
k2

∑
i=1

Ψi
(
Y 2

i
)
−
( k2

∑
i=1

Ψi(Yi)
)2
]

then
k1

∑
i=1

Φi
(
f (Xi)

)
− f
( k1

∑
i=1

Φi(Xi)
)
≤D1 ≤D2 ≤

k2

∑
i=1

Ψi
(
f (Yi)

)
− f
( k2

∑
i=1

Ψi(Yi)
)
. (9)
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Corollary 1. (continued)

If f ∈
•

K c
2 ((a,b)) and D1 ≥D2 holds, then reverse inequalities are valid in

(9).

Proof. ( )

We set Φ̃


A1 0

A2

. . .
0 Ak1

= ∑
k1
i=1 Φi (Ai ), Ψ̃


B1 0

B2

. . .
0 Bk2

= ∑
k2
i=1 Ψi (Bi ),

and X̃ =


X1 0

X2

. . .
0 Xk1

 , Ỹ =


Y1 0

Y2

. . .
0 Yk2

 .

Then Φ̃,Ψ̃ are unital positive linear mappings, X̃ ∈ Bh (H⊕·· ·⊕H)︸ ︷︷ ︸
k1

and

Ỹ ∈ Bh (H⊕·· ·⊕H)︸ ︷︷ ︸
k2

with spectra contained in [m,M] and [n,N],

respectively. Applying Theorem 1 on these mappings and operators,
we obtain desired inequality (9).
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The following obvious corollary to Theorem 1 holds, with convex
combinations of operators Xi , i = 1, . . . ,k1 and Yi , i = 1, . . . ,k2.

Corollary 2.
Let (X1, . . . ,Xk1

) be a k1−tuple and (Y1, . . . ,Yk2
) be a k2−tuple of

self-adjoint operators Xi ,Yj ∈ Bh(H) with spectra contained in [m,M]
and [n,N], respectively, such that a < m≤M ≤ c ≤ n≤N < b. Let
(p1, . . . ,pk1

) be a k1−tuple and (q1, . . . ,qk2
) be a k2−tuple of positive

scalars such that ∑
k1
i=1 pi = 1 and ∑

k2
i=1 qi = 1. If f ∈

•
K c

1 ((a,b)) and

P :=
A
2

k1

∑
i=1

pi
(
Xi − X̄

)2 ≤Q :=
A
2

k2

∑
i=1

qi
(
Yi − Ȳ

)2

then k1

∑
i=1

pi f (Xi)− f
(
X̄
)
≤ P ≤Q ≤

k2

∑
i=1

qi f (Yi)− f
(
Ȳ
)
, (10)

where X̄ =
k1
∑

i=1
piXi and Ȳ =

k2
∑

i=1
qiYi denote the weighted arithmetic

means of operators. But, if f ∈
•

K c
2 ([mx ,My ]) and Px ≥Qy holds, then

reverse inequalities are valid in (10).
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Converse of Levinson’s operator inequality

For convenience we introduce some abbreviations:

Let f : [m,M]→ R, m < M, such that F(t) = f (t)− A
2 t2, A ∈ R, be a

convex or a concave function. We denote a linear function
through (m,F(m)) and (M,F(M)) by f line

A,[m,M], i.e.

f line
A,[m,M](t) =

M− t
M−m

f (m) +
t−m
M−m

f (M)− A
2

(
(M + m)t−mM

)
, t ∈ R

and the slope and the intercept by kA,f [m,M] and lA,f [m,M],
respectively, i.e.

kA,f [m,M] =
f (M)− f (m)

M−m
− A

2
(M + m),

lA,f [m,M] =
Mf (m)−mf (M)

M−m
+

A
2

mM.
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Theorem 2. ( )

Let X, Y m, M, n, N, Φ, Ψ, C1, C2 be as in
Theorem 1. Let mx , Mx , (mx ≤Mx) and ny ,
Ny , (ny ≤ Ny) be the bounds of operators
Φ(X) and Ψ(Y ), respectively.

If f ∈K c
1 ((a,b)) and C1 ≥C2, then

Φ
(
f (X)

)
− f
(
Φ(X)

)
+ β11K ≥C1 ≥C2 ≥Ψ

(
f (Y )

)
− f
(
Ψ(Y )

)
+ β21K ,

(11)
where

β1 = max
mx≤t≤Mx

{
f (t)− A

2
t2− f line

A,[m,M](t)

}
≥ 0, (12)

β2 = min
ny≤t≤Ny

{
f (t)− A

2
t2− f line

A,[n,N](t)

}
≤ 0. (13)

Constants β1,β2 exist for any A, m,M,mx ,Mx and n,N,ny , Ny .
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Theorem 2. (continued)

The value β1 = f (t0)− A
2 t2

0 − f line
A,[m,M](t0), where t0 may be

determined as follows:

if f ′−(t)−At ≤ kA,f [m,M] for every t ∈(mx ,Mx ) then t0 = mx ,

if f ′−(t1)−At1 ≥ kA,f [m,M] ≥ f ′+(t1)−At1 for some t1∈(mx ,Mx )
then t0 = t1,

if f ′+(t)−At ≥ kA,f [m,M] for every t ∈(mx ,Mx ) then t0 = Mx .

The value of β2 can be determined as β1 if we replace
m,M,mx ,Mx by n,N,ny , Ny , respectively, and with reverse
inequality signs.

In the dual case, if f ∈K c
2 ((a,b)) and C1 ≤C2 holds, then

reverse inequalities are valid in (11) with β1 ≤ 0 and min instead
of max in (12) and β2 ≥ 0 and max instead of min in (13). The
value of constants β1 and β2 can be determined as above with
reverse inequality signs.
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Proof.
We use the same technique as in the proof of Theorem 1 and
converses of Jensen’s operator inequality are given in the paper

J.Mićić, Z.Pavić and J.Pečarić, Some better bounds in
converses of the Jensen operator inequality, Oper. Matrices
6 (2012), 589-605.

Remark 1.
Let the assumptions of Theorem 2 be satisfied and m < M, n < N. If
C1 ≥C2, F is strictly concave differentiable on [m,c] and strictly
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β1 = f (x0)− A
2

x2
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A,[m,M](x0) ≤ f (x̄0)− A
2

x̄2
0 − f line

A,[m,M](x̄0),
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2

y2
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Remark 1. (continued)

x0 =


mx if f ′(mA)−AmA ≤ kA,f [m,M],

the unique solution of the equation f ′(t)−At = kA,f [m,M]

if f ′(mx )−Amx ≥ kA,f [m,M] ≥ f ′(Mx )−AMx ,

Mx if f ′(mx )−AMx ≥ kA,f [m,M],

x̄0 is the unique solution in (m,M) of the equation
f ′(t)−At = kA,f [m,M];

y0, ȳ0 can be determined as x0, x̄0, if we replace m,M,mx ,Mx by
n,N,ny , Ny , respectively, and with reverse inequality signs.

In the dual case, if C1 ≤C2, f is strictly convex differentiable on
[m,c] and strictly concave differentiable on [c,N], then reverse
inequalities are valid in (11), with x0, x̄0, y0, ȳ0 as above with
reverse inequality signs.
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Remark 2.

Let the assumptions of Theorem 2 be satisfied, f ∈
•

K c
1 ((a,b)) and

C1 ≥C2. If F is operator concave, then 0≥ Φ
(
F(X)

)
−F
(
Φ(X)

)
and LHS of (11) imply

C1 + β11K ≥ Φ
(
f (X)

)
− f
(
Φ(X)

)
+ β11K ≥C1.

If F is operator convex, then 0≤ Φ
(
F(X)

)
−F
(
Φ(X)

)
and RHS of

(11) imply

C2 ≥Ψ
(
f (Y )

)
− f
(
Ψ(Y )

)
+ β21K ≥C2 + β21K .

It follows (an extension of (11))

C1 + β11K ≥ Φ
(
f (X)

)
− f
(
Φ(X)

)
+ β11K ≥C1 ≥C2

≥ Ψ
(
f (Y )

)
− f
(
Ψ(Y )

)
+ β21K ≥C2 + β21K

(14)

But, if f ∈
•

K c
2 ((a,b)) and C1 ≤C2, then reverse inequalities are

valid in (14).
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Applying Theorem 2

we can obtain converse of Levinson’s operators inequality for k1
and k2−tuples of self-adjoint operators Xi ,Yj ∈ Bh(H) using the
same technique as in the proof of Corollary 1 .

We omit the details.
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Refined Levinson’s operator inequality
The absolute value of B ∈ B(H) is defined by |B|= (B∗B)1/2.

For convenience we introduce abbreviations ∆̄,∆̃ and δ as
follows:

∆̄ ≡ ∆̄B,Φ(m,M) :=
1
2

1K −
1

M−m

∣∣Φ(B)−m + M
2

1K
∣∣, (15)

∆̃ ≡ ∆̃B,Φ(m,M) :=
1
2

1K −
1

M−m
Φ
(∣∣B−m + M

2
1H
∣∣), (16)

where B ∈ Bh(H), Φ is an unital positive linear mapping, m,M,
m < M, are some scalars such that spectra Sp(B)⊆ [m,M];

δ≡ δf ,A(m,M) := 2f
(

m + M
2

)
− f (m)− f (M) +

A
4

(M−m)2, (17)

where f : [m,M]→ R is a continuous function and A ∈ R.

Obviously, ∆̄,∆̃≥ 0. If F(t) = f (t)− A
2 t2 is concave (resp. convex)

then δ≥ 0 (resp. δ≤ 0).
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Next, we show refined Levinson’s inequality given in Theorem 1
for two pairs of operators without operator concavity-convexity,
and with spectra conditions.

Theorem 3.
Let Φ,Ψ : B(H)⊕B(H)→ B(K )⊕B(K ) be unital mappings such that

Φ

(
B1 0
0 B2

)
= Φ1(B1) + Φ2(B2) and Ψ

(
B1 0
0 B2

)
= Ψ1(B1) + Ψ2(B2),

where Φ1,Φ2,Ψ1,Ψ2 be positive linear mappings.

Let X =

(
X1 0
0 X2

)
,Y =

(
Y1 0
0 Y2

)
∈

Bh(H⊕H), where X1, X2, Y1, Y2 be self-
adjoint operators with spectra

Sp(X1)⊆ [m1,M1], Sp(X2)⊆ [m2,M2],

Sp(Y1)⊆ [n1,N1], Sp(Y2)⊆ [n2,N2].

Let M1 < m2, N1 < n2 and
m1 ≤M1 ≤mx ≤Mx ≤m2 ≤M2 ≤ c ≤ n1 ≤N1 ≤ ny ≤Ny ≤ n2 ≤N2, where
mx ,Mx be bounds of the operator Φ(X) and ny ,Ny be bounds of Ψ(Y ).
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Theorem 3. (continued)
If f ∈K c

1 ([m1,N2]) and C1 ≤C2,
then

Φ
(
f (X)

)
− f
(
Φ(X)

)
≤ Φ

(
f (X)

)
− f
(
Φ(X)

)
+ δ1X̄ ≤C1 ≤C2

≤ Ψ
(
f (Y )

)
− f
(
Ψ(Y )

)
+ δ2Ȳ ≤Ψ

(
f (Y )

)
− f
(
Ψ(Y )

)
,

(18)

where δ1 = δf ,A(m̄,M̄)≥ 0, X̄ = ∆̄X ,Φ(m̄,M̄)≥ 0 for arbitrary
numbers m̄ ∈ [M1,mx ],M̄ ∈ [Mx ,m2],m̄ < M̄

and δ2 = δf ,A(n̄,N̄)≤ 0, Ȳ = ∆̄Y ,Ψ(n̄,N̄)≥ 0 for arbitrary numbers
n̄ ∈ [N1,ny ],N̄ ∈ [Ny ,n2], n̄ < N̄.

But, if f ∈K c
2 ([m1,N2]) and C1 ≥C2 holds, then reverse

inequalities are valid in (18), with δ1 ≤ 0 and δ2 ≥ 0.
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Proof.

We will give the proof for f ∈K c
1 ([m1,N2]). Since F(t) = f (t)− A

2 t2 is
concave on [m1,c] for some constant A, then

J. Mićić, J. Pečarić and J. Perić, Refined Jensen’s operator
inequality with condition on spectra, Oper. Matrices 7 (2013),
293-308.

gives
F
(
Φ(X)

)
≥ Φ

(
F(X)

)
+ δ̃1X̄ ≥ Φ

(
F(X)

)
⇒ C1 ≥ Φ

(
f (X)

)
− f
(
Φ(X)

)
+ δ1X̄ ≥ Φ

(
f (X)

)
− f
(
Φ(X)

)
, (19)

Similarly, since F is convex on [c,N2] for some constant A, we have

C2 ≤Ψ
(
f (Y )

)
− f
(
Ψ(Y )

)
+ δ2Ȳ ≤Ψ

(
f (Y )

)
− f
(
Ψ(Y )

)
. (20)

Combining inequalities (19) and (20) and taking into account C1 ≤C2,
we obtain desired inequality (18).
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Applying Theorem 3 we obtain more operators version of refined
Levinson’s inequality.

Corollary 3.
Let (Φ1, . . . ,Φk1

) be a unital k1−tuple and (Ψ1, . . . ,Ψk2
) be a unital

k2−tuple of positive linear mappings Φi ,Ψj : B(H)→ B(K ).
Let (X1, . . . ,Xk1

) be a k1−tuple and (Y1, . . . ,Yk2
) be a k2−tuple of

self-adjoint operators Xi and Yj ∈ Bh(H) with spectra contained in
[mi ,Mi ] and [nj ,Nj ], respectively, such that

a < mi ≤Mi ≤ c ≤ nj ≤Nj < b, i = 1, . . . ,k1, j = 1, . . . ,k2,
(mx ,Mx )∩ [mi ,Mi ] = ∅, i = 1, . . . ,k1, (my ,My )∩ [nj ,Nj ] = ∅, j = 1, . . . ,k2,

m < M, n < N

where mx and Mx be bounds of X = ∑
k1
i=1 Φi(Xi), and ny and ny be

bounds of Y = ∑
k2
i=1 Ψi(Yi) ; m := max{Mi |Mi ≤mx , i = 1, . . . ,k1},

M := min{mi |mi ≥Mx , i = 1, . . . ,k1}, n := max{Ni |Ni ≤ ny , i = 1, . . . ,k2},
N := min{ni |ni ≥Ny , i = 1, . . . ,k2}.
If f ∈K c

1 ((a,b)) and D1 ≤D2
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Corollary 3. (continued)
then

k1
∑

i=1
Φi
(
f (Xi)

)
− f
( k1

∑
i=1

Φi(Xi)
)
≤

k1
∑

i=1
Φi
(
f (Xi)

)
− f
( k1

∑
i=1

Φi(Xi)
)

+ δ1X̄

≤D1 ≤D2

≤
k2
∑

i=1
Ψi
(
f (Yi)

)
− f
( k2

∑
i=1

Ψi(Yi)
)
≤

k2
∑

i=1
Ψi
(
f (Yi)

)
− f
( k2

∑
i=1

Ψi(Yi)
)

+ δ2Ȳ ,

(21)

where δ1 = δf ,A(m̄,M̄)≥ 0, X̄ = ∆̄X (m̄,M̄)≥ 0 for arbitrary numbers
m̄ ∈ [m,mx ],M̄ ∈ [Mx ,M],m̄ < M̄ and δ2 = δf ,A(n̄,N̄)≤ 0, Ȳ = ∆̄Y (n̄,N̄)≥ 0
for arbitrary numbers n̄ ∈ [n,ny ],N̄ ∈ [Ny ,N], n̄ < N̄.
In above we denote

∆̄≡ ∆̄B(m,M) :=
1
2

1K −
1

M−m

∣∣B−m + M
2

1K
∣∣.

But, f ∈K c
2 ((a,b)) and D1 ≥D2 holds, then reverse inequalities are

valid in (21), with δ1 ≤ 0 and δ2 ≥ 0.
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Refined converse of L. operator inequality
Now, we give refined converse of Levinson’s operator inequality
given in Theorem 2 for two pairs of operators.

Theorem 4.
Let Φ,Ψ be mappings and , X ,Y be operators as in Theorem 3, with spectra

Sp(X1),Sp(X2) ⊆ [m,M], Sp(Y1),Sp(Y2) ⊆ [n,N]. Let mx ,Mx be bounds of the

operator Φ(X) and ny ,Ny be bounds of Ψ(Y ).

If f ∈K c
1 ([m,N]) and C1 ≥C2, then

Φ
(
f (X)

)
− f
(
Φ(X)

)
+ β11K ≥ Φ

(
f (X)

)
− f
(
Φ(X)

)
+ β11K −δ1X̃

≥ C1 ≥C1−δ1X̃ ≥C2−δ2Ỹ ≥C2

≥ Ψ
(
f (Y )

)
− f
(
Ψ(Y )

)
+ β21K −δ2Ỹ ≥Ψ

(
f (Y )

)
− f
(
Ψ(Y )

)
+ β21K ,

(22)

where β1 and β2 are defined in Theorem 2, δ1 = δf ,A(m,M)≥ 0,
X̃ = ∆̃X ,Φ(m,M)≥ 0, δ2 = δf ,A(n,N)≤ 0 and Ỹ = ∆̃Y ,Ψ(n,N)≥ 0.
But, If f ∈K c

2 ([m,N]) and C1 ≤C2 holds, then reverse inequalities are
valid in (22), with δ1 ≤ 0 and δ2 ≥ 0.
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Proof.
We use the same technique as in the proof of Theorem 3 and
converses of Jensen’s operator inequality are given in the paper

J. Mićić, J. Pečarić and J. Perić, Refined converses of
Jensen’s inequality for operators, J. Inequal. Appl. 2013:353
(2013) 1–20.

Remark 3.

Let the assumptions of Theorem 4 be satisfied, f ∈
•

K c
1 ((a,b)) and

C1 ≥C2. Then the following extension of (22) holds

C1 + β11K ≥C1 + β11K − δ̃1X̃
≥ Φ

(
f (X)

)
− f
(
Φ(X)

)
+ β11K − δ̃1X̃

≥ C1 ≥C1−δ1X̃ ≥C2− δ̃2Ỹ ≥C2

≥ Ψ
(
f (Y )

)
− f
(
Ψ(Y )

)
+ β21K −δ2Ỹ

≥ C2 + β21K − δ̃2Ỹ ≥C2 + β21K

(23)

If f ∈
•

K c
2 ((a,b)) and C1 ≤C2, then reverse inequalities are valid in (23).
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≥ C2 + β21K − δ̃2Ỹ ≥C2 + β21K
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Applying Theorem 4 we can obtain converse of Levinson’s
operator inequality for k1 and k2−tuples of self-adjoint operators
Xi ,Yj ∈ Bh(H) (with weakened assumptions than in Corollary 3).

We omit the details.
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