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Let f € H(D),D = {z € C: |z| < 1}, be a holomorphic function
on a unit disc.

Introduction

Forl <p<o0,0<r < 1wedefine

1 27T )
My(r,f) = — (re™)|P dt
o f) =50 [ 1F )
Moo (r, f) = sup |f(re")]

te[0,2m)

Afunction f € H(D) belongs to the Hardy space H? = HP(D), if

sup My(r, f) < oo
0<r<1

If1<p<qg<oo,then H? C HP.
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Introduction

For a holomorphic function g on the unit disc D, an integral
operator T is defined by

T,f(z) = % /OZ f(&)g'(&)dg,  f holomorphic on the disc, 2 € D.

T, is bounded on H? (p € [1,00)) ifand only if g € BMOA.

However, T, : H? — HP is not “onto”, i.e. there exists a function
f & HP suchthatT, f € HP.
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Let g € H(D) satisfies g’ (z) # 0, z € I, and let’s identify two such Introduction
functions if they differ only by a constant. Then the integral operator

10 = [ g€ ds zep

is an isomorphism of H (D) onto H (D).

In consequence there exists a function f € H(D) \ H? such that
Tyf € HP.
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Let g € H(D) satisfies g’ (z) # 0, z € I, and let’s identify two such Introduction
functions if they differ only by a constant. Then the integral operator

10 = [ g€ ds zep

is an isomorphism of H (D) onto H (D).

In consequence there exists a function f € H(D) \ H? such that
Tyf € HP.

Problem

Does there exists a Banach space of analytic functions on D (larger
than HP) which € maps continuously into HP? Does there exists the
largest such space (i.e. optimal domain space)?
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Introduction

Ifg'(z) = (1 — 2)71, 2 € D, then the integral operator 7 is the
Cesaro operator €.

This problem of describing the optimal domain space of € was
answered in 2008 by Curbera and Ricker.



Integral op. - extension within Hardy spaces

Theorem (Aleman and Cima, 2001)
Let p,q > 0. Then we have the following:

» Forq > p, T, maps H9into H? ifand only if g € H*, where
1/s=1/p—1/q.

» T, maps H? into itselfif and only if g € BMOA.

» forq<pandl/q—1/p <1, T, maps HYinto H? ifand only if
9 € Myg-1/p-

» If1/q—1/p>1,and T, maps H? into H?, then g is constant.

The symbol A, a € (0, 1], stands for the “big oh” analytic
Lipschitz class, meaning g € A, if and only if
g’ (2)] = O((1 — [2])*71), 2 € D.

i
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Extension of an integral
operator
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Afunction g € H(D) is called p-admissible if g € BMOA, ¢'(z) # 0
for z € D and additionally (a technical assumption) ¢’ has a radial
limita.e.onT.
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Let us recall that for a weight w, that is for any function such that
w > 0and logw is integrable, and an outer function ¢
corresponding to w, the weighted Hardy space H?(w) consists of
f € H(D) such that'/? f € H? and is equipped with a norm
1Al 220 @) = 197 f |-



Extension of T, within weighted Hardy spaces i

UM
Extensions of integral
Theorem N
Letp € [1,00) and w be a weight with 1) an outer function
corresponding to w. The following conditions are equivalent: (& exensionofanitegral

operator
» T,: H?(w) — HP continuously.

» OperatorT: HP? — HP givenforall h € HP and z € D by the
formulae

Ti(s) - [ T h©w P (©)g'(6)de

J 0O
is continuous.

» Function py,: D — I given by the formulae

/w Up(¢)g(€)de, =€ D,

belongs to BMOA.
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CO rO“a ry Extension of an integral

operator

Let +) be an outer function corresponding to w. If g € LMOA and
y~1/P € BMOA then T, maps HP(w) into HP continuously.

LMOA consists of such f € VMOA that

g1 _
o, III /'f fil =10.
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PrO pOSitiOI"I Extensionofan integral
operator
Letp € [1,00) and let g be a p-admissible function. Then the
following holds
[T, H?] = {f e HD): f(z) = &) e H‘} (1)
. 9'(2)’

[T,, HP] is a Banach space when equipped with a norm

|- Mz, o) = 1Ty - e
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Extension of an integral
operator

Let g be a anti-derivative of a function

n

1 o
/ _ I3

=2

ZGD, ("{i#(]; ﬂt#ﬁ_ﬂz?é], 7:7.7.:27"'7’”“

Then

» T, is a bounded operator on H?,

» The domain of T}, can not be extended to H? for any ¢ < p.
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Proposition
Extension of an integral
operator

Foranyp € [1,00), H? C [Ty, HP].

Lemma

Point evaluations are continuous on [T, H?], 1 < p < oo.

Theorem

Letp € [1,00) and letg € H(D) with _; € H>. Then for ¢ € H(D)
the multiplication operator My(f) := ¢ - f is well defined and
continuous on [T, HP] ifand only if € H®.
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Extension of the Libera

Forapoint zg € C, |20| < 1, and a function f € H(D) we formally aperator
define the Libera operator by

/f z € D.
7770

Lo f(2



Optimal domain of the Libera operator .% %

Extensions of integral

Corollary operators

Pawet Mleczko

Letp € [1,00) and w be a weight with ) being an outer function
corresponding to w. The following conditions are equivalent:

Q Extension of the Libera

> ﬂ): Hp((U) — HP operator
» OperatorT: H? — HP given for f € H? with the formula

/f “Ur(¢)de, zeD, (2)

is continuous.

» Function py,: D — D given by

- /O WP(€) de 3)

belongs to BMOA.



Corollary %

Extensions of integral
operators

Pawet Mleczko

CO rO “a ry Extension of the Libera

operator
Letp € [1,00). Then

> (4, HP)={f e HD): f(z) =H(z), h€ HP}.
» HP? C [ %, H?).
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Proposition

Forl < p < oc:

Extension of the Libera

> [ %, HP]is separable. operator
> (%, HP]is uniformly convex for p # 1.

Forp = 2, (%, H?] is a Hilbert space and

v

f(z) = anz" € [, HY] ifand onlyif (naﬁ) el

n=0

» forl < p1 < p2 < cowe have £y, HPY] C [ %, HP2].

v

Polynomials are dense in [ %, HP].
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» ¢ iswell defined on H(DD),

» % can not be extended to an operator from H (D),

Extension of the Libera

» % iswell defined on H!. operator
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» ¢ iswell defined on H(DD),

» % can not be extended to an operator from H (D),

Extension of the Libera

» % iswell defined on H!. operator

Theorem (Nowak & Pavlovi¢ 2010, P.M. & Staniow 2014)

If1 < p<oothen¥: HP — HP isan adjoint of the Cesaro
operator ¢ : HP — HP with a Cauchy pairing

2m

(f,g) = lim flre®)g(re™"") dt.

r—1= Jo
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Proposition

@ Extension of the Libera
Foreach1 < p < oo we have, as vector spaces, that operator

(2, HP] = {f € HD) : f(2) = (= = 1)g(2))',9 € H"}.

Proposition

Foreachl < p < oo we have, that H? C [.£, HP| C [€, HP).



Thank you for your attention!

i




	Introduction
	Extension of an integral operator
	Extension of the Libera operator

