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D={z€C:|z|<1},T={2€C:|z|] =1}

m the normalized Lebesgue measure on T

Q2 C C a Jordan region (i.e. € is simply connected and 02 is an
analytic Jordan curve)

w, the harmonic measure on 0f for the point a € 2

LP(OQY) := LP(0w,), p =1

If Q =D, then a =0, wy = m, LP(T) = LP(T, m).

Definition

The Hardy space H?*(2) on  is the set of all analytic functions
F: Q) — C for which there exists a function u, harmonic on €2,
such that

|F(2)]? < u(z), z € Q.
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D={z€C:|z|<1},T={2€C:|z| =1}

m the normalized Lebesgue measure on T

Q2 C C a Jordan region (i.e. € is simply connected and 02 is an
analytic Jordan curve)

w, the harmonic measure on 0f for the point a € 2

LP(OQY) := LP(0w,), p =1

If Q =D, then a =0, wy = m, LP(T) = LP(T, m).

Definition

The Hardy space H*(S)) on € is the set of all analytic functions
F: Q) — C for which there exists a function u, harmonic on €2,
such that

|F(2)]? < u(z), z € Q.

By H*>()) we denote the space of all bounded analytic functions
on ().
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The spaces H*(Q) and H*°(Q) are Banach spaces with the norm
1F 2 = (ur(@)?, [ F o) = sup [F(2)],
where up is the least harmonic majorant of |F|? on .

Theorem (Rudin 1955)
H?(Q) > F — F* € H*(0Q) C L*(09) J

Wojciech Mtocek



Hardy spaces on a Jordan regions and the upper half-plane

Ci={2€C:Imz>0}

ech Mtocek



Hardy spaces on a Jordan regions and the upper half-plane

Ci={2€C:Imz>0}
LP(R) := LP(R,dx), p > 1

Jojciech Mtocek



Hardy spaces on a Jordan regions and the upper half-plane
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LP(R) := LP(R,dz), p > 1
Definition

The Hardy space H*(C, ) on C, is the space of all analytic
functions F': C; — C such that

&0 . 1/2
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y>0 —00
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Hardy spaces on a Jordan regions and the upper half-plane

Ci={2€C:Imz>0}
LP(R) := LP(R,dz), p > 1
Definition

The Hardy space H*(C, ) on C, is the space of all analytic
functions F': C, — C such that

o0 . 1/2
| £l zr2(c,) = sup (/ |F(z + zy)\zdx) < 00.
y>0 —00

H>(C,) is the space of all bounded and analytic functions on C
with ||F||ge(cy) = sy |F(x + iy)]|.
y

Theorem (Paley, Wiener 1934)
H?*(C,)> F~ F* e H*R) C L*(R)
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onto H?(2) (H (Cy))

Definition

For each ® € L>*(99) (P € L*(R)), the Toeplitz operator on
H?(Q) (H?*(C,)) with the symbol ® is the operator Ty defined by

ToF := Py2(q)(®F), F € H*(Q)
(T F := Pyzc,\(®F), F € H*(C,)).

If ® € H*(Q) (® € H*(C,)), then Ty is called an analytic
Toeplitz operator.

T(Q) (7T(C,)) the space of all Toeplitz operators on H?({2)

(H*(Cy))

A(Q2) (A(C,)) the algebra of all analytic Toeplitz operators on

H*(Q) (H*(Cy))
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‘H — Hilbert space

(te(H), || - |l1) — set of trace class operators on H
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Definition
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S is k-reflexive if (Sy N F(H))t = S.

S is k-hyperreflexive if there is a constant ¢ > 0 such that

d(A,S) < cag(A,S) for all A € B(H).

k(S) — k-hyperreflexive constant of S

S k-hyperreflexive = S k-reflexive
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k-reflexivity and k-hyperreflexivity

H, IC — Hilbert spaces, U: H — K — isometric isomorphism

Lemma

(a) the operator U, defined by U(A) := UAU™! for A € B(H), is
an isometric isomorphism and weak™ homeomorphism from
B(H) onto B(K),

(b) US, Ut = (USUY), for S C B(H),

(c) UFy(H)U™! = Fi(K),

(d) d(A,S) =d(UAU, USUY) for A € B(H),

(e) an(A,S) = ap,(UAU,USUY) for A € B(H).

Lemma ((hyper)reflexivity and spatially isomorphic subspaces)

If S is a weak* closed subspace of B(H), then

(a) the subspace S is k-reflexive iff USU™L is k-reflezive,

(b) the subspace S is k-hyperreflevive with constant c iff USU ™!
18 k-hyperreflexive with constant c.
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Toeplitz operators and k-reflexivity

Theorem (Sarason 1966)
A(D) is reflexive.

Theorem (Azoff, Ptak 1998)

T (D) is transitive and 2-reflezive.

Theorem (Azoff, Ptak 1998)

Suppose that B C T (D) is a weak* closed subspace. Then the
following statements are equivalent.
(1) B is not transitive.

(2) There is a function f: T — C such that f € L'(T),
log|f| € LX(T) and | @fdm =0 for all T, € B.
T
(3) B is reflexive.
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If F is a weak* closed subspace of T (2), then the following
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Toeplitz operators and k-hyperreflexivity

Theorem (Davidson 1987 and Klis, Ptak 2006)
The algebra A(D) is hyperreflezive and k(A(D)) < 13.

Theorem (Mustafayev 1996 and Klis, Ptak 2006)
The space T (D) is 2-hyperreflezive and ko(7T (D)) < 2.

Theorem (Kli§, Ptak 2006)

Every weak* closed subspace of T (D) is 2-hyperreflexive with
constant at most 5.
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(1) The algebra A(Q2) is hyperreflexive and x(A(Q)) < 13.
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Toeplitz operators and k-hyperreflexivity

Theorem (WM, Ptak 2014)

If Q is a Jordan region, then:

(1) The algebra A(QY) is hyperreflezive and k(A(2)) < 13.

(2) The space T (R2) is 2-hyperreflexive and ko(T (2)) < 2.

(3) Ewvery weak* closed subspace of T () is 2-hyperreflexive with
constant at most 5.
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Toeplitz operators and k-hyperreflexivity

Theorem (WM, Ptak 2014)

If Q is a Jordan region, then:

(1) The algebra A(QY) is hyperreflezive and k(A(2)) < 13.

(2) The space T (R2) is 2-hyperreflexive and ko(T (2)) < 2.

(3) Ewvery weak* closed subspace of T () is 2-hyperreflexive with
constant at most 5.

Theorem (WM, Ptak 2014)
(1) The algebra A(Cy) is hyperreflezxive and x(A(C,)) < 13.
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Toeplitz operators and k-hyperreflexivity

Theorem (WM, Ptak 2014)

If Q is a Jordan region, then:

(1) The algebra A(QY) is hyperreflezive and k(A(2)) < 13.

(2) The space T (R2) is 2-hyperreflexive and ko(T (2)) < 2.

(3) Ewvery weak* closed subspace of T () is 2-hyperreflexive with
constant at most 5.

Theorem (WM, Ptak 2014)

(1) The algebra A(Cy) is hyperreflezxive and x(A(C,)) < 13.
(2) The space T(C.) is 2-hyperreflezive and ro(7T (Cy)) < 2.
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Toeplitz operators and k-hyperreflexivity

Theorem (WM, Ptak 2014)

If Q is a Jordan region, then:

(1) The algebra A(QY) is hyperreflezive and k(A(2)) < 13.

(2) The space T (R2) is 2-hyperreflexive and ko(T (2)) < 2.

(3) Ewvery weak* closed subspace of T () is 2-hyperreflexive with
constant at most 5.

Theorem (WM, Ptak 2014)

(1) The algebra A(Cy) is hyperreflezxive and x(A(C,)) < 13.

(2) The space T(C.) is 2-hyperreflezive and ro(7T (Cy)) < 2.

(3) Every weak™ closed subspace of T(C.) is 2-hyperreflezive with
constant at most 5.
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o If v(2) := 2—12, z€Cy,
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Sketch of the proof

o If v(2) := z—;ﬁ, z € Cy4, then
v is the conformal mapping of C, onto D.

o If (U2f)(2) = J=7i5f(1(2)), f € HA(D), z € Cy,
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Sketch of the proof

o If v(2) := z—;ﬁ, z € Cy4, then
v is the conformal mapping of C, onto D.
o If (Uaf)(2) = d= 2 (3(2)), f € HA(D), = € Cy, then
Us is an isometric isomorphism between H?(D) and H?(C.).
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Toeplitz operators and k-hyperreflexivity

Sketch of the proof

o If v(2) := z—;ﬁ, z € Cy4, then
v is the conformal mapping of C, onto D.

o I (Uaf)(2) i= S=bf(1(2)), | € HA(D), 2 € Cy, then
Us is an isometric isomorphism between H?(D) and H?(C.).

o If Uy(A) := U,AU; ', A € B(H2(D)),
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Toeplitz operators and k-hyperreflexivity

Sketch of the proof

o If y(2) :== Z3, 2 € C4, then
v is the conformal mapping of C, onto D.

o I (Uaf)(2) i= S=bf(1(2)), | € HA(D), 2 € Cy, then
Us is an isometric isomorphism between H?(D) and H?(C.).

o If UQ(A) = UQAU2_ ,Ae B(H2( )), then
Us is a weak* homeomorphism between B(H?(D)) and B(H?(C,)).
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Toeplitz operators and k-hyperreflexivity

Sketch of the proof

o If y(2) := 2%, z € Cq, then

2+
v is the co;férmal mapping of C; onto D.
o If (Uaf)(2) = d= 2 (3(2)), f € HA(D), = € Cy, then
Us is an isometric isomorphism between H?(D) and H?(C.).
o If Uy(A) = U, AU; ', A € B(H*(D)), then
Uy is a weak* homeomorphism between B(H?(D)) and B(H?*(Cy)).
Moreover, Us(7 (D)) = 7(C4) and Uz(A(D)) = A(Cy).
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Toeplitz operators and k-hyperreflexivity

Sketch of the proof

o If y(2) :== Z3, 2 € C4, then
v is the conformal mapping of C, onto D.

o If (Uaf)(2) = 25 f(4(2)), f € HA(D), = € Cs, then
Us is an isometric isomorphism between H?(D) and H?(C.).

o If UQ(A) = UQAU2_ , A€ B(H2( )), then
Us is a weak* homeomorphism between B(H?(D)) and B(H?(Cy)).
Moreover, Us(7T (D)) = T(Cy) and Uy (A(D)) = A(Cy).

e Finally, combining facts on hyperreflexivity of Toeplitz operators on
H?(D) with Lemma on (hyper)reflexivity and spatially isomorphic
subspaces we get the proof.
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