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Let H be a (complex) Hilbert space.
Definition
For T € B(H) define the numerical range

W(T) = {(Tx,x) : x € H, [[x]| = 1}
and the numerical radius
W(T) =sup{|A| : A e W(T)} = sup{[(Tx,x)| : x € H,||x]| = 1}.

For Ty,...,Tnh € B(H) define the joint numerical range

W(Tq,...,Tn) = {((T1X,X), ..., (TaX, X)) : X € H,||x]| = 1}.
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Basic properites:
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Basic properites:

(1) (Hausdorff, Toeplitz): W(T) is a convex subset of C.
@ifT*=T thenW(T) C R.

(3)ifT*=T thenw(T)=|T]|.

(4)
[T = w(T)
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Basic properites:

(1) (Hausdorff, Toeplitz): W(T) is a convex subset of C.
@ifT*=T thenW(T) C R.

(3)ifT*=T thenw(T)=|T]|.

@ )
Il = w(T) = 5[]
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For every ¢ > 0 there exists x € H, ||x|| = 1 such that
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For every ¢ > 0 there exists x € H, ||x|| = 1 such that

1
(X, x)] > 5T] -
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For every ¢ > 0 there exists x € H, ||x|| = 1 such that

1
(X, x)] > 5T] -

(if dimH < oo then there exists x € H, ||x|| = 1 such that
(X, %) = 31Tl
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For every ¢ > 0 there exists x € H, ||x|| = 1 such that

1
(X, x)] > 5T] -

(if dimH < oo then there exists x € H, ||x|| = 1 such that
(X, %) = 31Tl

Problem

Let T1,...,Tnh € B(H). Does there exist x € H ||x|| = 1 such
that [(T;x, x)| is "large" forall j = 1,...,n?
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Reductions:
(&) We may assume dimH < ooc.

(b) We may assume that Ty, ..., T, are selfadjoint.
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Reductions:
(&) We may assume dimH < ooc.
(b) We may assume that Ty, ..., T, are selfadjoint.

(c) We may assume ||Tj|| = 1.
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Proposition

LetTy,...,The€B(H), T; >0 (j=1,...,n). LetdimH < oc.
Then there exists x € H, ||x|| = 1 such that
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Proposition

LetTy,...,The€B(H), T; >0 (j=1,...,n). LetdimH < oc.
Then there exists x € H, ||x|| = 1 such that

1 :
(Tl 2SI G=1,...,n)
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Let Ty, T, € B(H), T* =T; (j =1,2),dimH < co. Then there
exists x € H, ||x|| = 1 such that

1 .
M) > 51T G =1.2)

Vladimir Muller On joint numerical radius



Let Ty, T, € B(H), T* =T; (j =1,2),dimH < co. Then there
exists x € H, ||x|| = 1 such that

1 .
[T 2 3lTl - (=1,2).

| A

Theorem
Let Ty, To, T3 € B(H), T =T; (j =1,2,3),dimH < cc. Then
there exists x € H, ||x|| = 1 such that

1 :
[Tl = glITill (=1,2,3).

N
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Let Ty, T, € B(H), T* =T; (j =1,2),dimH < co. Then there
exists x € H, ||x|| = 1 such that

1 .
[T 2 3lTl - (=1,2).

Theorem

Let Ty, To, T3 € B(H), T =T; (j =1,2,3),dimH < cc. Then
there exists x € H, ||x|| = 1 such that

| A

1 :
[Tl = glITill (=1,2,3).

(the estimates are the best possible).

N
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Problem

Let Q be a convex subset of [-1,1]". Letx(), ... x(M e Q
satisfy xék) =1 (k=1,...,n).
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Problem

Let Q be a convex subset of [-1,1]". Letx®), ... x(M € Q
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Does there exists y = (y1,...,Yn) € Q such that

Vel > 7t (k=1,....n)?

Vladimir Muller On joint numerical radius



Problem

Let Q be a convex subset of [-1,1]". Letx®), ... x(M € Q
satisfy xék) =1 (k=1,...,n).

Does there exists y = (y1,...,Yn) € Q such that

Vel > 7t (k=1,....n)?

yesforn=2,3

Vladimir Muller On joint numerical radius



Problem
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Problem

Let Q be a convex subset of [-1,1]". Letx(1), ... x(M e Q
satisfy xék) =1 (k=1,...,n).

Does there exists y = (y1,...,Yn) € Q such that

el > 55 (k=1,....n)

yesforn=2,3
the estimate cannot be improved
known: there exits y € Q with |yx| > f for all k
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Convex situations:

(1) Let Tq,..., Ty € B(H) are mutually commuting selfadjoint
operators. Then W(Ty,..., Ty) is convex.
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Convex situations:
(1) Let Tq,..., Ty € B(H) are mutually commuting selfadjoint
operators. Then W(Ty,..., Ty) is convex.

(2) LetdimH = oo, let Tq,..., Ty € B(H). Define the essential
numerical range

Vladimir Muller On joint numerical radius



Convex situations:

(1) Let Tq,..., Ty € B(H) are mutually commuting selfadjoint
operators. Then W(Ty,..., Ty) is convex.

(2) LetdimH = oo, let Tq,..., Ty € B(H). Define the essential
numerical range

We(Ty,...,Tn) = {(Al,...,An) eC":

Vladimir Muller On joint numerical radius



Convex situations:

(1) Let Tq,..., Ty € B(H) are mutually commuting selfadjoint
operators. Then W(Ty,..., Ty) is convex.

(2) LetdimH = oo, let Tq,..., Ty € B(H). Define the essential
numerical range

We(Ty,...,Tn) = {(Al,...,An) eC":

there exists an orthonormal sequence (xx) C H

Vladimir Muller On joint numerical radius



Convex situations:

(1) Let Tq,..., Ty € B(H) are mutually commuting selfadjoint
operators. Then W(Ty,..., Ty) is convex.

(2) LetdimH = oo, let Tq,..., Ty € B(H). Define the essential
numerical range

We(T1, o Tn) = { (A1, An) € C7
there exists an orthonormal sequence (xx) C H

such that \; = kILmOO<zjk,xk> (= 1,...,n)}
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Convex situations:

(1) Let Tq,..., Ty € B(H) are mutually commuting selfadjoint
operators. Then W(Ty,..., Ty) is convex.

(2) LetdimH = oo, let Tq,..., Ty € B(H). Define the essential
numerical range

We(Ty,...,Tn) = {(Al,...,An) eC":
there exists an orthonormal sequence (xx) C H
such that \; = kIim (Tixi, xk) (= 1,...,n)}

Then We(Ty, ..., Tn) is a closed convex subcet of C".
(3) Let A be a unital Banach algebra, ai,...,a, € A.
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Convex situations:

(1) Let Tq,..., Ty € B(H) are mutually commuting selfadjoint
operators. Then W(Ty,..., Ty) is convex.

(2) LetdimH = oo, let Tq,..., Ty € B(H). Define the essential
numerical range

We(Ty,...,Tn) = {(Al,...,An) ceC";
there exists an orthonormal sequence (xx) C H
such that \; = kILmOO<zjk,xk> (= 1,...,n)}
Then We(Ty, ..., Tn) is a closed convex subcet of C".

(3) Let A be a unital Banach algebra, a4, ..., a, € A. Define the
algebraic numerical range

V(ay, ... anA) = {(f(as),...,f(an)) : f € A% [[f]| = 1 =f(14)}.
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Convex situations:

(1) Let Tq,..., Ty € B(H) are mutually commuting selfadjoint
operators. Then W(Ty,..., Ty) is convex.

(2) LetdimH = oo, let Tq,..., Ty € B(H). Define the essential
numerical range

We(Ty,...,Tn) = {(/\1,...,>\n) eC":
there exists an orthonormal sequence (xx) C H
such that \; = kIim (Tixi, xk) (= 1,...,n)}

Then We(Ty, ..., Tn) is a closed convex subcet of C".

(3) Let A be a unital Banach algebra, a4, ..., a, € A. Define the
algebraic numerical range

V(ag,...,an, A) = {(f(az),....f(an)) : f € A" |[f[| =1 ="1(14)}.
Then V(ay,...,an,.A) is a closed convex subset of C".
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Let Tq,...,Tnh € B(H) be commuting selfadjoint operators.
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LetTq,...,Tn € B(H) be commuting selfadjoint operators.

Then there exists x € H,

| = 1 such that

[(Tix, x)| = \/>||TJ“ (=1,....n).
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Let Tq,...,Tn € B(H).
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Let Tq,...,Tn € B(H). Then there exists an orthonormal
sequence (Xx) C H such that
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Let Tq,...,Tn € B(H). Then there exists an orthonormal
sequence (Xx) C H such that

||Tj||e
4ny/n

lim ‘(Tij,Xk>| >
k—oo
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Let Tq,...,Tn € B(H). Then there exists an orthonormal
sequence (xx) C H such that

||Tj||e

lim ‘(Tij,Xk>| >
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4ny/n

Let A be a unital Banach algebra, a4, ..., a, € A. Then there
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If(ay)l > 5
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Let Tq,...,Tn € B(H). Then there exists an orthonormal
sequence (xx) C H such that

||Tj||e

lim ‘(Tij,Xk>| >
k—oo

4ny/n
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exists f € A*, ||f|| =f(14) = 1 such that
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If(ay)l > 5
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Proposition

Let T1,...,Tn € B(H). Then there exist x,y € H,
||| = 1 = |ly|| such that

1 :
|<zj’y>|ZﬁHTj||—€ (G=1,...,n).

Vladimir Muller On joint numerical radius



Proposition

Let Tq,...,Tn € B(H). Then there exist x,y € H,
IIX|| = 1 = ||y]|| such that

1 :
[Tyl = <(ITl =e (=1,....n).

We have

(Tix,y) = %(<Tj(x +y).x+y) = (Tix —y),x —y)

FT0+iy)x -+ iy) = H(Tjx ~ iy), X~ iy)).
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Let Ty,...,Tn € B(H). Then there exists x € H, ||x|| = 1 such
that

const _
|<zj’x>’ZTHTj|| G=1,...,n).

Vladimir Muller On joint numerical radius



