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Let H be a (complex) Hilbert space.

Definition

For T ∈ B(H) define the numerical range

W (T ) = {〈Tx , x〉 : x ∈ H, ‖x‖ = 1}

and the numerical radius

w(T ) = sup{|λ| : λ ∈ W (T )} = sup{|〈Tx , x〉| : x ∈ H, ‖x‖ = 1}.

For T1, . . . , Tn ∈ B(H) define the joint numerical range

W (T1, . . . , Tn) = {(〈T1x , x〉, . . . , 〈Tnx , x〉) : x ∈ H, ‖x‖ = 1}.
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Basic properites:

(1) (Hausdorff, Toeplitz): W (T ) is a convex subset of C.

(2) if T ∗ = T then W (T ) ⊂ R.

(3) if T ∗ = T then w(T ) = ‖T‖.

(4)

‖T‖ ≥ w(T ) ≥ 1
2
‖T‖.
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For every ε > 0 there exists x ∈ H, ‖x‖ = 1 such that

|〈Tx , x〉| > 1
2
‖T‖ − ε

(if dim H < ∞ then there exists x ∈ H, ‖x‖ = 1 such that
|〈Tx , x〉| ≥ 1

2‖T‖.)

Problem

Let T1, . . . , Tn ∈ B(H). Does there exist x ∈ H ‖x‖ = 1 such
that |〈Tjx , x〉| is "large" for all j = 1, . . . , n?
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Reductions:

(a) We may assume dim H < ∞.

(b) We may assume that T1, . . . , Tn are selfadjoint.

(c) We may assume ‖Tj‖ = 1.
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Proposition

Let T1, . . . , Tn ∈ B(H), Tj ≥ 0 (j = 1, . . . , n). Let dim H < ∞.
Then there exists x ∈ H, ‖x‖ = 1 such that

|〈Tjx , x〉| ≥ 1
n
‖Tj‖ (j = 1, . . . , n)
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Theorem

Let T1, T2 ∈ B(H), T ∗j = Tj (j = 1, 2), dim H < ∞. Then there
exists x ∈ H, ‖x‖ = 1 such that

|〈Tjx , x〉| ≥ 1
3
‖Tj‖ (j = 1, 2).

Theorem

Let T1, T2, T3 ∈ B(H), T ∗j = Tj (j = 1, 2, 3), dim H < ∞. Then
there exists x ∈ H, ‖x‖ = 1 such that

|〈Tjx , x〉| ≥ 1
5
‖Tj‖ (j = 1, 2, 3).

(the estimates are the best possible).
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Problem

Let Q be a convex subset of [−1, 1]n. Let x (1), . . . , x (n) ∈ Q
satisfy x (k)

k = 1 (k = 1, . . . , n).

Does there exists y = (y1, . . . , yn) ∈ Q such that
|yk | ≥ 1

2n−1 (k = 1, . . . , n)?

yes for n = 2, 3
the estimate cannot be improved
known: there exits y ∈ Q with |yk | ≥ 1

2n
√

n
for all k
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Convex situations:

(1) Let T1, . . . , Tn ∈ B(H) are mutually commuting selfadjoint
operators. Then W (T1, . . . , Tn) is convex.
(2) Let dim H = ∞, let T1, . . . , Tn ∈ B(H). Define the essential
numerical range

We(T1, . . . , Tn) =
{

(λ1, . . . , λn) ∈ Cn :

there exists an orthonormal sequence (xk ) ⊂ H

such that λj = lim
k→∞

〈Tjxk , xk 〉 (j = 1, . . . , n)
}

Then We(T1, . . . , Tn) is a closed convex subcet of Cn.
(3) Let A be a unital Banach algebra, a1, . . . , an ∈ A. Define the
algebraic numerical range

V (a1, . . . , an,A) =
{
(f (a1), . . . , f (an)) : f ∈ A∗, ‖f‖ = 1 = f (1A)

}
.

Then V (a1, . . . , an,A) is a closed convex subset of Cn.
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algebraic numerical range

V (a1, . . . , an,A) =
{
(f (a1), . . . , f (an)) : f ∈ A∗, ‖f‖ = 1 = f (1A)

}
.

Then V (a1, . . . , an,A) is a closed convex subset of Cn.
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Convex situations:

(1) Let T1, . . . , Tn ∈ B(H) are mutually commuting selfadjoint
operators. Then W (T1, . . . , Tn) is convex.
(2) Let dim H = ∞, let T1, . . . , Tn ∈ B(H). Define the essential
numerical range

We(T1, . . . , Tn) =
{

(λ1, . . . , λn) ∈ Cn :

there exists an orthonormal sequence (xk ) ⊂ H

such that λj = lim
k→∞

〈Tjxk , xk 〉 (j = 1, . . . , n)
}

Then We(T1, . . . , Tn) is a closed convex subcet of Cn.
(3) Let A be a unital Banach algebra, a1, . . . , an ∈ A. Define the
algebraic numerical range

V (a1, . . . , an,A) =
{
(f (a1), . . . , f (an)) : f ∈ A∗, ‖f‖ = 1 = f (1A)

}
.

Then V (a1, . . . , an,A) is a closed convex subset of Cn.
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Theorem

Let T1, . . . , Tn ∈ B(H) be commuting selfadjoint operators.

Then there exists x ∈ H, ‖x‖ = 1 such that

|〈Tjx , x〉| ≥ 2
n
√

n
‖Tj‖ (j = 1, . . . , n).
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Theorem

Let T1, . . . , Tn ∈ B(H).

Then there exists an orthonormal
sequence (xk ) ⊂ H such that

lim
k→∞

|〈Tjxk , xk 〉| ≥
‖Tj‖e

4n
√

n
(j = 1, . . . , n).

Theorem
Let A be a unital Banach algebra, a1, . . . , an ∈ A. Then there
exists f ∈ A∗, ‖f‖ = f (1A) = 1 such that

|f (aj)| ≥
‖aj‖

2en
√

n
(j = 1, . . . , n).
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Proposition

Let T1, . . . , Tn ∈ B(H). Then there exist x , y ∈ H,
‖x‖ = 1 = ‖y‖ such that

|〈Tjx , y〉| ≥ 1
n
‖Tj‖ − ε (j = 1, . . . , n).

We have

〈Tjx , y〉 =
1
4

(
〈Tj(x + y), x + y〉 − 〈Tj(x − y), x − y〉

+i〈Tj(x + iy), x + iy〉 − i〈Tj(x − iy), x − iy〉
)
.
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Theorem

Let T1, . . . , Tn ∈ B(H). Then there exists x ∈ H, ‖x‖ = 1 such
that

|〈Tjx , x〉| ≥ const
n2 ‖Tj‖ (j = 1, . . . , n).

Vladimir Müller On joint numerical radius


