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Putnam-Fuglede Theorem

Theorem (Putnam-Fuglede)

Let A, B € B(H) be normal operators. If AX = XB, then
A*X = XB* for any X € B(H).
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How to relax the assumptions?



Generalization of Putnam-Fuglede Theorem

Example
Let S be a unilateral shift i.e.

S:P3(x,x,x3,...) = (0,x1,%,...) € I

The operator S is subnormal (it can be extended to normal operator).
The Putnam-Fuglede Theorem for A= B = S does not hold. Indeed,
for X =S we have SS = SS, but §*S # S5*.
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Definition

A N-PF class is a maximal (with respect to inclusion) class of
operators A such that AX = XN implies A*X = XN* for any
X € B(H) and normal N € B(H).
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An asymmetric Putnam-Fuglede Theorem

Theorem (Putnam-Fuglede)

Let A, B € B(H) be normal operators. If AX = XB*, then
A*X = XB for any X € B(H).

There is known many extensions of this theorem.

Stamfli and Wadhwa showed in 1976 an asymmetric Putnam-Fuglede
theorem for dominant operators.

An operator T € B(#) is dominant if for any A € C there is a
constant M, > 0 such that

1(T* = NF|| < My|[(T = \)f||, forany f € H.

In particular, hyponormal operators are dominant.



The maximal class of operators which satisfies an

asymmetric Putnam-Fuglede Theorem.

Definition

The maximal (with respect to inclusion) class of operators which
satisfies an asymmetric Putnam-Fuglede Theorem and contains
normal operators will be called a PF class.
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reducing for A.
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Theorem

Let A € B(H). The following assumptions are equivalent:
(i) A belongs to PF class,

(i) A belongs to N-PF class,

(iii) if M C H is invariant for A and A|n is normal, then M is
reducing for A.

Proof.
(i) = (i) OK

(if) = (iii) Let A= {I(\)/ g] be a matrix representation with respect
to some decomposition H = M & (M)*. Then we get

APpi = Pa(N @ 0) and A*Pyg = (N* @ 0) = Py(N* & 0) if and
only if D = 0.

(iii) = (i) First, let us observe that if an operator does not satisfy
(iii) then it does not satisfy Putnam-Fuglede Theorem. Thus we have

to prove the following theorem. O
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Let A, B € B(H) be operators which satisfies (iii).
If AX = XB*, then A*X = XB for any X € B(H).

To prove it, let us remain the Berberian's construction.

Let us fix a Banach limit ¢.

The space B := {{x,}7>; C H : sup, ||xa|| < oo} is a vector space
with semi-inner product

({Xnne1 Watne1) = O({Xntnzrs {Vntnet)-

The quotient vector space B/N is an inner product space with

N = {721 € B: ({xa )70, {xn}721) = O}

Let IC denote its completion space.
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Let us consider T € B(H). Then the operator
T :Bo{x,}0 = {Tx,}:2,€B

is well definite and T°(N) C V.

Thus implies exactly one operator on the Hilbert space K. It will be
also denoted by T°.

The mapping

B(H)> Tw— T° e B(K)
is an isometric *x-representation, i.e.
(S+T)=5"+T° (AT)>=AT°
(5T =5°T°, (T =(T°), [TI=IT°Il
Moreover, T > 0 if and only if T° > 0.

Theorem (Berberian)

Let T € B(H). Then 0,5(T) = 04,(T°) = 0,(T°) and
o(T°) Co(T).
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framework of the proof

@ We can assume that X is a positive operator,

o if an operator T satisfies (iii), then o,(T*) = 0. In particular,
o(T*) = oap(T"),

° K 0 An A Bii B

ol i B = L e

@ Since (A — A;1)K = K(A — B}y) and o,(B;;) = 0, thus
Ur(All) =0,

o o(A7;) C (An) = 0ap(A11) = 0ap(A71) = (A1),

@ thus by (iii) the operator A, is diagonal and Aj; is normal,

@ analogy By; is normal,

@ by (iii) the operators A, and By, are trivial,

@ by classical Putnam-Fuglede Theorem we finised the proof.
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x-paranormal operators

We say that an operator T € B(#) is *-paranormal iff

| T*x||? < | T2x]|||x|| for all x € H.

Let A, B € B(H) be x-paranormal operators. If AX = XB, then
A*X = XB* for any X € B(H).
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Thank you for your attention!



