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Johnson’s theorem rediscovered [5, Theorem 4.1]
Lipg(X, E*) is isometrically isomorphic toX =, E)*, via the isometric isomorphism
A Lipg(X, E*) — (X=zE)™ given byA(f)(u)=u(f) forall f € Lipg(X, E*) andu € X=E.

A function f € Lipg(X, E*) is said to have finite-rank if the subspacetofgenerated byf (X),
Abstract } in( f(X)), is finite-dimensional.

We introduce the notion of a Lipschitz tensor produet ® E of a pointed metric space
and a Banach spacé&. The concept of Lipschitz tensor product of elementsXf and E*
yields the spac&® m E*. To ensure the good behavior of a norm od ® E the concept of

_ _ _ _ _ _ _ _ Lipschitz finite-rank functions from X to*E
dualizable (respectively, uniform) Lipschitz cross-nomn X x E is defined. We study certain : : :
uniform dualizable Lipschitz cross-norms with good propiers. In addition, we analyze the \ LlpSChltZ apprOXImabIe OperatOrS
relationship between the Lipschitz tensor product and thmgeictive and projective Banach-
space tensor product between the Lipschitz-free space dvand E. In terms of the space Lipschitz cross-norms et us recall that a functiofi € Lipg(X, E) is said to be Lipschitz approximable if it is the limit
In the Lipschitz norm Lip of a sequence of Lipschitz finitexkdunctions fromX to E.

X# @ E*, we describe the spaces of Lipschitz compact (finite-ranfpximable) operators
Givenh € Lipg(X, Y) andT € L(E, F), whereL(E, F) denotes the Banach space of all boundgd] | = 0 )
Talls ' ' linear operators between the Banach sp&aadF, we define the mapxT : XXE — YRF b SLTE
DEflnlthn and a|gebra|C prOpertleS P n P n P 4 X* @, E* is isometrically isomorphic to the space of Lipschitz fiméak functions from
(hx T)(u) =_Zl S(h(x).hiy)) ® T(&), Yu =_Zl O(x.y) B & € XRE. X to E*. As a consequence, the space of all Lipschitz approximabletibns from X to
= | =

Theorem 4
The associated Lipschitz tensor produét &XE* is linearly isomorphic to the space of

from X to E~.

Notation _ _ _ _ o The linear operatonx T Is called thelipschitz tensor product operatof h andT. E* is isometrically isomorphic to the completion of . E*.
e Amapf: X — Y between metric spacesandy is said to be.ipschitzif p N \
Lip(f) = sup{d(féz())(’f(y»: XyeX X y} <o Definition 5 We recall that a Banac_h sng_es said to have the_ approximation property if given a compatt
Y) _ _ echi ” K c Eande > 0, there is a finite-rank bounded linear operatorE — E suchthatTe—€| < ¢
e A pointed metric spacX is a metric space with a base point{rdenoted by O. ) We say that a nornr on Xx E is alipschitz cross-nor ) for everye € K. In [4, Corollary 2.5], it was shown that* has the approximation property if
e Lipg(X, Y) denotes the set of all base-point preserving Lipschitz nh@pseen two pointed a(Sxy) R €)= dx. Yl V(xy)eX? ecE. and only if the space of all Lipschitz approximable funcéidrom X to E is the space of all
metric spaceX andY. i) A Lipschitz cross-normy on X = E is said to bedualizableif for each ge X# and |/_IpSChI'[Z compact functions fror to E. Using this fact, we derive the following result. \
e \We will consider a Banach spaéeoverK as a pointed metric space with the zero vector ds ¢ € E*, itholdsthat gx ¢ € (X R, E)* and||g = ¢|| < Lip(Q) ||#]|.
the base point, and denote its closed unit balBgy E* stands for the topological dual &f Corollary 10
_ p ’ . . | g POIOY ' i) A Lipschitz cross-normy on X® E Is calleduniformif for each he Lipg(X, X) and Let X be a pointed metric space such that bas the approximation property. Then)
e Lipg(X, E) Is a Banach space with the norm Lip(We designateX”= Lipg(X, K). T € £(E;E),itholds thathe T € £(X &, E; X &, E) and||lh = T|| < Lip(h) || T||). for any Banach space E, the space of all Lipschitz compaditifums from X to E is
e ™ o J isometrically isomorphic to the completion of ¥, E*.
Definition 1 (elementary Lipschitz tensors and Lipschitz tesor product) \

Proposition 6
For each(x,y) € X2, let d(xy)- LiIpg(X, E¥) — E* be the linear map given by If « is a dualizable Lipschitz cross-norm ome¥E, thenX*= E* is a linear subspace ¢X®, E)*.

Sy (F) = () — £(y) (f € Lipo(X, E¥)). I\/loreover,_th_e canonical norm OL operators*or’f ¥ E*, denoted by, verifies the equality Linschitz free space and Linschitz tensor product
For (x,y) € X2 and ec E, theelementary Lipschitz tensoéyyy) ® €: Lipg(X,E*) —» Kis C;(g 2 ¢) = Lip(g)ligll forallg € X"andg < E. N p p p p

the bounded linear functional defined by

. . Definition 7 Let us recall that the Lipschitz-free Banach space over atgdimetric spac&, 7 (X), Is the
(O(xy) @ E)(T) = S(xy)(T)(€) = T(X)(€) — T(y)(€) (T €Lipg(X EY)). ) TheLipschitz injective nornon Xx E is established, for eacha X = E, through closed linear subspace of)* spanned by the séfy: x € X}, where for eaclx € X, dx is the
The Lipschitz tensor product X E is defined as the vector subspacelLgéy(X, E*)* (U) = sup{l(g® ¢)(u)|: g € Byx, ¢ € Bg:}. evaluation functional at the poimtdefined onx*.
spanned by the séf(xy) B e: (x.Y) € X2, ec E}. .

) TheLipschitz projective norman Xx E Is set out, for eacha X x E, by

Each element & X ® E can be represented as=uy.i! , §(xy) ® €. ~(n n Theorem 11
N P m(u) = Inf {El d(xi, yi) ll&ll - u =i§1 O(x.y;) ® ei}, ) The completion of X E, X®.E, is isometrically isomorphic t& (X) ®<E.

§ e orar 5 A iii) Givenls<p<oo, theLipschitz p-nuclear norren X E is defined, for eachaX = E, by i) The completion of X E, X&zE, Is isometrically isomorphic t& (X) ®-E.
o Lw — _ A
) (X ® E, Lipo(X, E*)) forms a dual paimwith bilinear form¢-, -) associated given by dp(u) = Inf {”(M(S(xl,yl)’ s AnS(xy)| [y 11081, - n)llp = U= 2574 O(xyp) ® ﬂlei}, eferences
_ L N Jd . ) where p is the conjugate index of p and
(U, = uh) _i§1 (106) = TO)(e). - vu _i§1 Oxy) B & € X E, f-eLipg(X. EY). Lw n o 1/p : , [1] J. A. Chavez-Donminguez,Duality for Lipschitz p-summing operatord. Funct. Anal261
A10 ey ANO = Aj i) — gV If 1< , _
) Xx E is linearly isomorphic to the linear spac@,:((x#,rp); E) of all finite-rank linear H( 19(x1,y1)> > S (x0,y1) o = SURjeB,s (El (Il 19(x) — a(yi)l) ) Tl<spP <o (2011), no. 2, 387-407.

operators from X into E which are continuous from the topology of pointwispves- 15 P Lw _ oy sl e Tl 2 [2] J. A. Chavez-Doninguez,Lipschitz(g, p)-mixing operators Proc. Amer. Math. Soc140
gencerp of X* to the norm topology of E. 5 [(1506y0- = ¥yl RyeB, (Max{iillg4) = gly)l= 1 <1< m) y (2012), 3101-3115.
P - [3] G. Godefroy and N. J. KaltorL.ipschitz-free Banach spaceStudia Math.159 (2003),
& o S | 2 Theorem 8 121-141.
Definition 3 (Lipschitz tensor product functionals) [4] A. Jiménez-Vargas, J. M. Sepulcre and MassVillegas-Vallecillos,Lipschitz compact

1) The Lipschitz injective, projective and p-nuclear norme aniform and dualizable

Let ge X and¢ € E*. TheLipschitz tensor product functionaf g and¢ is the linear _ !
Lipschitz cross-norms on X E.

mapgx ¢:. X® E — K given by
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